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Group Actions

Let G be agroup, X asetandx: G X X » X be amap. We set g *
x =x(g,x).

A group action is a triple (G, X,*x) such that
Dh*x(g*x)=(hg)*x, VhgeG x€EX,
2)e*xx =x, Vx € X.
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Examples

Let (G, X,*) be suchthat G = GL(n) X GL(m), X = Mat(n X m) and
* (GL(n) X GL(m)) X Mat(n X m) —» Mat(n X m),
((4,B),M) - AMB.

This action is effective but not one-way.

A well-known group actionis given by G = (Z*,-), X ={gt,g%.. g°P 1}
and
*x:GXX-oX

(@9~ ()" = g ™

This is effective too, and it is believed to be one-way, since computing
a € Z, from g* and g* means solving the discrete logarithm.



Our Goal

Given an action (G, X,*) and an instance (x,y) € X X X, wherey =
g * x, we want to write a polynomial system with coefficientsin a

field K
f1(Z? =0
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such that a solution of F, ,,(Z) leads to an element h € G such that
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The muti-sample scenario [DD24]

Some protocols expose more than one instance, namely, for a fixed g € G, the
attacker has access to

(x®, .., x®), (y O, ..., y®)

where it holds that y(© = g x x( for each i.



The muti-sample scenario [DD24]

Some protocols expose more than one instance, namely, for a fixed g € G, the
attacker has access to

(x®, .., x®), (y O, ..., y®)

where it holds that y(© = g x x( for each i.

Assuming the existence of a polynomial system F_ y (@ X) =

(fl(i) X), ..., n(f) (X)), we can build a larger system in the same variables,
sharing the same root g:

Frw &) =0
F(X) = : |
Frw o X) =0

We can compute the value of t for which we can easily solve the system
(linearizing for example).
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Algebraic Groups

An algebraic group G over a field K is an algebraic variety over K
such that the group operations are morphisms of varieties.

For our purposes, there are polynomials f4, ..., fs €
K[Xq, ..., X1, p1, ..., Py, € K[Xq, ..., X5 ] and iy, ..., i, € K[Xq, ..., X},]

such that
)G ={(ay,..,a,) € K" | fi(aq,..,a,) == f;(aq,..,a,) =0}
2)gh = (p1(g, h), ., pn(g,h)) € G, forg,h € G

(product)

3)g7t = (i1(g), -, in(g)) EG,forg € G
(inverse)
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Example of an Algebraic Group

Consider G = GL(n) over [F,. Then, we can see that

G = {(all, o Anny d) e [F32+1 | d - det(aij) = 1}

Moreover, if A = (a41, .., Ann, dy) and B = (byq, ..., byy, dg), we
have that

AB = (¥ kQ1kbr1s - X kAnkbin, dadp)

: 1
and, since A™" = ot () adj(A), we have

A7 = (dy - adj(A)11, .., dg - adj(A)py, det(A)).

Hence, GL(n) is an algebraic group.
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field K.

proof
A finite set is a variety, then just use Lagrange’s interpolation
for product and inverse.
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On the Degrees

Theorem
A finite group is an algebraic group over a (carefully chosen)
field K.

proof
A finite set is a variety, then just use Lagrange’s interpolation
for product and inverse.

However, in this way the polynomials for product and inverse have
degree of the order of the cardinality of the group G. Since in
cryptography we have

1G] = Q(2%),
we need something smaller.

For this reason we need to start with groups that are explicitly
algebraic groups.



Algebraic Group Actions

An algebraic group action over a field Kis a triple (G, X,*) where G
is an algebraic group, X an algebraic varietyover[Kand x: G X X —
X is a morphism of varieties.
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is an algebraic group, X an algebraic varietyover[Kand x: G X X —
X is a morphism of varieties.

This means that
1) ¢ c K™
2) X c K?;
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Algebraic Group Actions

An algebraic group action over a field K is a triple (G, X,*x) where G
is an algebraic group, X an algebraic varietyover[Kand x: G X X —
X is a morphism of varieties.

This means that

1) ¢ c K™

2) X c K?;

3) there are polynomials sy, ..., sy € K[Y;, ..., Y., Z4, ..., Z,] such that,
if g = (aq, ...,a,) and x = (xq,...,%p), then

g*x = (Sl(al, ey Ay Xqy eeny Xp), weey Sp(Qq, oony Ay, X1, ...,x{))) € X.

10



Example of an Algebraic Group Actions

Consider (G, X,x) be such that G = GL(n), X = Mat(n X m) over
Fq,and
*x: GL(n) X Mat(n x m) » Mat(n x m),
(B,A) —BA.

As before, we can see that

X = {(all, ...,anm) S ]FZZ}
G ={(by1, e b, d) € F3 1 | d - det(by) = 1}
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Example of an Algebraic Group Actions

Consider (G, X,x) be such that G = GL(n), X = Mat(n X m) over
Fq,and
*x: GL(n) X Mat(n x m) » Mat(n x m),
(B,A) —BA.

As before, we can see that

X = {(all, ...,anm) S ]lelz}
G ={(by1, e b, d) € F3 1 | d - det(by) = 1}

Moreover, if A = (a1, ..., Apm) @nd B = (by4, ..., byn, dg), we have
that

BxA=BA=(;biaj, .2 ibnidim ).

Hence, itis an algebraic group action.

11



On the Degrees (again)

Theorem
A group action (G, X,*) with finite G and X is an algebraic
group action over a (carefully chosen) field K.

proof
As before!
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On the Degrees (again)

Theorem
A group action (G, X,*) with finite G and X is an algebraic
group action over a (carefully chosen) field K.

proof
As before!

Even in this case, the polynomials for the action x would have
degree of the order of

G| - |X] = Q(2%).

For the same reason we need to start with an explicitly algebraic
group action.

12



The Polynomial System

Recall
Mat(n X m) = {(all, e Ay € IFZI’Z}.
G = GL() ={ (b1, -, bun, dp) € FE+1 | d - det (b)) = 1}.

X =
) —
Bx A= (b1, ... bpn,dp) * (11, o, Onm) = Qi b1i i1y s 3 § PpiQim ).

13



The Polynomial System

Recall
= Mat(n Xm) = {(all, e Ay € IFQZ}.

G = GL(n) (b1, ) by d) € FI'41 | dp det((bij)) = 1}.
BxA = (b1, .., byn, dB) (@11, s nm) = i b1i@i1, s X i biQim ).

~

Suppose to have A4, A, € X such that there exists B € G for which A, =

BA;. Let
A = (aﬁ), (1)) A; = (agzl)' ""ag?l)

1 2
lell ()_a§1)

We can write

= ay,
L Z: det(zij) = 1

A solution of the above system leads to an element B = (z;;) € GL(n)
suchthatB x A; = A,.

Fay v s 2 2) = V50 o (1) @ -

13



The Framework

Let (G, X,*) be an algebraic group action over K with

1) G ={(ay,..,a,) € K"| fi(aq,..,a,) = = fi(ay, ...,a,) =0};
2) X = {(xl, v Xp) EKE | hy(xq, oy xp) = - = hy(xq, ..., Xp) = 0};

3) g*xx= (Sl(al, ey Oy Xqy eeny Xp), v, Sp(Aq, ovny Ay, X1, ...,Xg)) € X.
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The Framework

Let (G, X,*) be an algebraic group action over K with

1) G ={(ay,..,a,) € K"| fi(aq,..,a,) = = fi(ay, ...,a,) =0};
2) X = {(xl, v Xp) EKE | hy(xq, oy xp) = - = hy(xq, ..., Xp) = 0};

3) g*xx= (sl(al, ey Oy Xqy eeny Xp), v, Sp(Aq, ovny Ay, X1, ...,Xg)) € X.

Giventwo elements x,y € X, withx = (xq, ..., x),V = (1, -.., V),
for which thereis g € G suchthaty = g x x, we write

fsl(Zl, AT xl, ...,X€) = yl

Sp(Z1, o) Zpy X1y ey Xp) = Yy
FeyCa ) =00 iy ) = 0

L ft(Zl,...,Zn) =0

14



On the Polynomial System

fsl(Zl, ey Zn, X1, ,X{)) =W

Sp(Zq, ey Zy, X1y ey Xp) = Yy
Tx’y(zl' ""Zn) = fl(Zl; -..,Zn) =0 '

\ ft(Zl,...,Zn) =0

It has £ 4+ t equations (equations for G and x),
n variables (for ¢) and has degree

max{deg, ,)(s1),...,deg, . (Ss),
deg (fl)i ey deg (ft)}




More Equations

Givenx,y € X,withx = (xq,...,x),y = (y4,
(g1, - 9n) € G such that
y=gx*Xx,
then it holds also that
g txy=nx

...,¥p), forwhich thereis g =
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More Equations

Givenx,y € X, withx = (x4, ..., %),y = (¥, ..., ¥¢), forwhich thereis g =
(gl; '--;gn) (S G SUCh that

y=4g*X,
then it holds also that
g txy=nx

Hence, using the fact that ¢ is an algebraic group, we can write
g7 = (11091, -r Gn)s s in (g1, ) )
and consider the additional equations

. Sl(il(zli "'an)i ey in(er ...,Zn), Y1, "'ryf) = X1
(inv) _ .
Frey (21,0, 2n) = :

Sf(il(zll "')Zn)l ey in(er ---;Z‘n); )’1; ;yﬂ) = xf

16



Linear Code Equivalence

Linear Code Equivalence problem (LCE)
Given M, M, € Mat, (k X n) such that they generate linearly

equivalent linear codes, find (S, Q) € GL(k) X Mon(n) such
that M, = SM, Q.

17



Linear Code Equivalence

Linear Code Equivalence problem (LCE)
Given M, M, € Mat, (k X n) such that they generate linearly

equivalent linear codes, find (S, Q) € GL(k) X Mon(n) such
that M, = SM, Q.

Observe that LCE can be reformulated as a group actions problem:

G = GL(k) x Mon(n),
X = Maty,(k xn) ={M € Mat(k xn) | rk(M) = k }
xcpiG XX =X, ((S,Q),M)w SMQ.

17



LCE as an Algebraic Group Action

Consider F, = {0,a4, ..., aq_l} and observe that, from [Saeed17],

GL(K) = { (S11, -, Siierds) € F 1 | dg - det(s;;) =1 |

Mon(n) = 1 ( Fn QriQy=0Vvi<si'<isnls<j=sn
= ) reny € .
on(n Q11 -, Qnn ) € FG 0,5 (0 —a)) =0 V1<i<n

X ={(Myy, ..., Myy) € FE" | not all minors vanish }

The polynomials for x| g are given by
((S; Q) *LCE M)ij = (SMQ)ij = Z u,v Siu Muv ij-

18



The Polynomial System for LCE

Let M, N € Mat, (k X n) suchthat N = SMQ, we write the system
( > uw Yiu Muy Zv1 = Nqq

2 wv Yieu Myy Zyn = Nin
FunYit, o Yo Ay, Z11, oos Znn) = o ZyZy=0Vi<i'<i<nl<j<n
HZ(ZJ (Zl] — al)) =0 ViI<i<n

The number of variables is k? + n? + 1 and the degree in Y and Z of the
polynomial system is

max{n+1,q — 1, 2}.

19



A (not so) little workaround [DMS26]

As we saw, the degrees may be too high for a practical
cryptanalysis.

We can use a technique initially developed to shorten the
signatures length.
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Let (G, X,*) suchthat G = G; X G,. Then, we define the following
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X~y <39, €61y = g1 *x.

We can then define
Xz :{[x]Gl |XEX}
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A (not so) little workaround [DMS26]

As we saw, the degrees may be too high for a practical
cryptanalysis.

We can use a technique initially developed to shorten the
signatures length.

Let (G, X,*) suchthat G = G; X G,. Then, we define the following
equivalence on X

X~y <39, €61y = g1 *x.

We can then define
Xz :{[x]Gl |XEX}

If there is a polynomial-time algorithm to choose a representative
for a given [x] . (a Canonical Form), then the following action is
effective

(GZJXZI*Z)
*2: G2 XXZ - XZ; (g; ['x]Gl) = [g *x]Gl'

20



In our Framework

Working with G, instead of G leads to lower degrees in the
polynomials defining the algebraic group G,.

However, we need X, to be an algebraic variety. Luckily, in our case
we have the following
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In our Framework

Working with G, instead of G leads to lower degrees in the
polynomials defining the algebraic group G,.

However, we need X, to be an algebraic variety. Luckily, in our case
we have the following

Theorem (informal)

Consider the action (G, X,*) where X is an algebraic
variety over a field K. Then

X7 Z{[X]G1 |x€X, y€E [x]g, © 391 € G4 =y=g1*x}
is an algebraic variety over K.

21



On X, (1/2)

To present the structure of X,, we need to introduce the ring of invariant
polynomials.

Definition

Given the action (G4, X,*), where X is an algebraic variety over a
field K, the ring of of polynomials over X invariant under the
action of G is

K[X]% = {f e K[X] | f(x) = f(g1xx) Vx EX, g1 € Gy }.

22



On X, (1/2)

To present the structure of X,, we need to introduce the ring of invariant
polynomials.

Definition
Given the action (G4, X,*), where X is an algebraic variety over a
field K, the ring of of polynomials over X invariant under the

action of G is

K[X]% = {f e K[X] | f(x) = f(g1xx) Vx EX, g1 € Gy }.

And we have the follwing result.

Theorem [Noether1916]

If G4 is finite, then K[X]°* is a finitely-generated K-algebra.

22



On X, (2/2)

Hence, let
K[X]% = K[by, ..., by],

with algebraically independent by, ..., b, € K[X].
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On X, (2/2)

Hence, let
K[X]% = K[by, ..., by],

with algebraically independent by, ..., b, € K[X].

We know that we can identify elements in X, as the image of the
map

¢: X -> K™ (xqg,...,xp) (bl(xl, ey Xp)y eeny by (X4, ...,x{))).

In other words, two elements of X are in the same orbit if and only
if their images under ¢ are equal

y € lxlg, ® ¢(y) = p(x).

23



Back to the System

Let by, ..., b,, € K[X] be such that K[X]¢ = K[by, ..., b,y,].

Consider the action (G,, X,,*,) where
G, ={(ay,..,a,) e K"| fi(aq,...,a,) = = fi(aq,..,a,) =0}

and let x, y € X such thatthereis g, € G,for which
[Y]Gl = [g2 * X]Gl = g2 *2 [X]Gl-

24



Back to the System

Let by, ..., b,, € K[X] be such that K[X]¢ = K[by, ..., b,y,].

Consider the action (G,, X,,*,) where

G, ={(ay,..,an) €EK" | fi(ay, ..., an) = - = fi(ay, .

and let x, y € X such thatthereis g, € G,for which
[Y]Gl = [g2 * X]Gl = g2 *2 [X]Gl-

The polynomial system associated to x = (x4, ..., xp) and y = (y;,

For (2, ., 2) = 4
oy " fl(Zl,...,Zn)ZO

L fi(z4, e, 2,) =0

(bl(sl(zl, s Zyy X1y eeny Xp)y eeny Sp(Z1, eoe) Zyy, Xq, oon

bt(sl(zl, iy Zyy X1y eny Xp)y eeny Sp(Z4, eoe) Zy, X1,y e

-»an) = 0}

..., Yp) is given by
,%0)) = by (¥, s Vo)

%0)) = by (Y1, ¥e)

24



Our Example on LCE: a First Step

Recall the Linear Code Equivalence action:

G = GL(k) X Mon(n),X = Mat, (k X n)
xcpiG XX =X, ((S,Q),M)+w SMQ.
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Our Example on LCE: a First Step

Recall the Linear Code Equivalence action:

G = GL(k) X Mon(n), X = Mat,(k X n)
xcpiG XX =X, ((S,Q),M)+w SMQ.

The group is already splitted: G = GL(k) X Mon(n) and we can apply or
workaround.

We define the relation on Mat (k X n)

Ml ""Mz @HSEGL(k):MZ =SM1

obtaining the quotient action

G, = Mon(n),X = Gr(k,n) = { RREF(M) € Mat,(k xn) | M € Mat, (k X n) }
*Mon: Mon(n) X Gr(k,n) — Gr(k,n), (Q, M) —» RREF(Q *.cg M).

25



Plucker Coordinates

Theorem [Every AG book]

Gr(k,n) is anirreducible projective variety.
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Plucker Coordinates

Theorem [Every AG book]

Gr(k,n) is anirreducible projective variety.

LetV € Gr(k,n) and let M be a generator matrix. Let ] be a subset
of cardinality k of {1, ..., n} and define the Pliicker coordinates

p;: Gr(k,n) > K,V - det(M]).
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Plucker Coordinates

Theorem [Every AG book]

Gr(k,n) is anirreducible projective variety.

LetV € Gr(k,n) and let M be a generator matrix. Let ] be a subset
of cardinality k of {1, ..., n} and define the Pliicker coordinates

p;: Gr(k,n) > K,V - det(M]).

Then, the Pluicker embedding is given by

n

t: Gr(k,n) » IP’(]K)(R)_l,V > (ph(V): ...:p](n)(V)).

26



The Algebraic Group Action

How Mon(n) acts on the Plicker coordinates?
A generator matrix of Q *pon V is given by MQ, where M spans V.

Let Q = P,D such that D = diag(d., ..., d,,). Therefore, the Plicker
coordinates change as

Q: py(M) o p(MQ) = det((MQ);) = (1)1 - (i) d;)pocy (V).
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The Algebraic Group Action

How Mon(n) acts on the Plicker coordinates?
A generator matrix of Q *pon V is given by MQ, where M spans V.

Let Q = P,D such that D = diag(d., ..., d,,). Therefore, the Plicker
coordinates change as

Q: py(M) o p(MQ) = det((MQ);) = (1)1 - (i) d;)pocy (V).

The polynomials defining the action are

S; € ]KlQll, ...,an,ph, v PJm ]
(k)
with
S] (Qllr I an» pjll ""p](n)) — Zlc{l ..... n}|I|=k QI,]pI
k

for] c {1,..,n},|J]| = k.

27



The New System

Consider F, = {0,a,, ...,aq_l}, then from [Saeed17]

| QjQ=0V1<i'<i<nl<j<n

MOn(n) = {(Qllr ---;an) e K" HZ(Z] (QU — al)) =0 VvV1i<i<n

L
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The New System

Consider F, = {0,a,, ...,aq_l}, then from [Saeed17]

MOI’I(TL) = {(Qlll S an) e K"

2 Qi’jQij=0V1Si’<iSn,1§j§n
I (Qj—a))=0 V1I<i<n ’

Let V;,V, € Gr(k,n) suchthatV, = Q *y,, Vi foracertain Q € Mon(n), we write

the system

Fvov,(Z11s oer Zpn) = S

with degree

( p;,(Z *Lce V1) = p;,(V2)

’P](Z) (Z *LcE V1) = P](Z) (V2)

ZLIJZU=OV1Sl’<lSTl,1S]STl

L Hl(ZJ (Zij—al)) =0 VvVlI<i<n

max{k,q — 1, 2}.
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Comparison

*1.CE

Variables: n? + k% + 1
Equations: kn + (

;)n+1 =

Degree: max{n +1,q — 1, 2}

M

*Mon

Variables: n?
Equations: kn + (721) n
Degree: max{k,q — 1, 2}




Our Example on LCE: a Second Step

Recall the quotient Linear Code Equivalence action
G = Mon(n), X =Gr(k,n)
*Mon : Mon(n) X Gr(k,n) — Gr(k,n), (Q, M) —» RREF(MQ).

It is known that
Mon(n) = Diag(n) < §,,

and we can apply again our technique.
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Our Example on LCE: a Second Step

Recall the quotient Linear Code Equivalence action

G = Mon(n), X = Gr(k,n)

*Mon : Mon(n) X Gr(k,n) — Gr(k,n), (Q, M) —» RREF(MQ).

It is known that
Mon(n) = Diag(n) < §,,

and we can apply again our technique.

We define the relation on Gr(k, n)

Vl ~ VZ < 3D € Dlag(n) . VZ =D *Mon Vll
and we get the quotient action [DMS26,DKQ+25]

G, =8, X, = Gr(k,n)/Diag(n)
*s 1 on X Xy = X (P; [V]Diag) = [P *pon V]Diag-
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Projective Variety

Observe that, since Gr(k, n) is a projective variety, we have
K[Gr(k, n)]P128(™) = K

and our approach adds nothing.
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Projective Variety

Observe that, since Gr(k,n) is a projective variety, we have
K[Gr(k,n)]P2e(m) = K

and our approach adds nothing.

Hence, we move the field of rational functions over Gr(k, n), invariant for
Diag(n)

K(Gr(k,n))Paem),
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Projective Variety

Observe that, since Gr(k,n) is a projective variety, we have
K[Gr(k,n)]P2e(m) = K

and our approach adds nothing.

Hence, we move the field of rational functions over Gr(k, n), invariant for
Diag(n)

K(Gr(k,n))Paem),

It can be shown that K(Gr(k, n))P28(") is a finitely generated extension
field over K.

Moreover, there are monomials by, ..., by € ]K(Gr(k, n)) such that

K(Gr(k,n))P28(M = K][b,, ..., b;].
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The Last System (for now)

From [Saeed17] we have

Pl]Pl,]=O’ VlSl,l’,]STl,lil’
S, =< (Pyq, ., Ppy) €KY Y Pj=1 V1<i<n



The Last System (for now)

From [Saeed17] we have

PUPl’]=O,VlSl,l,,]Sn,lil’
S, =< (Pyq, ., Ppy) €KY Y Pj=1 V1<i<n ,

Let V1, V, € Gr(k,n) such that [V;]pjag = [P * Vypiag for a certain P € S, we write
the system

( b, (P(Z *Mon V1.)) = bl(P(Vz))

bt(P(Z *Mon V1)) = bt(P(Vz))
i’j:0' VlSi,i’,an,i;ti’

TV1;V2(lel ---;Znn) = 4 ZUZ

\
with degree max{deg(b;)k, 2}.
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Final Comparison

*1.CE *Mon

e Variables:n? + k%2 +1  Variables: n?

* Equations: kn + (;) n+1  Equations: kn + (Tzl) n

* Degree:max{n+1,q — 1,2} * Degree: max{k,q — 1,2}

*s

* Variables: n?
« Equations: kn +n? + 2n
* Degree: max{deg(b;)k, 2}
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What is Under the Carpet

xS

* Variables: n?
« Equations: kn + n? + 2n
* Degree: max{deg(b;)k, 2}

Recall that we are considering the Plucker coordinates: they are
homogeneous polynomials in the entries of the generator matrix,

with k! monomials!

We are far from a practical algebraic cryptanalysis of xy;,n, and *g.
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New Directions and Open Problems

* Use the Plucker coordinates as a distinguisher?
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New Directions and Open Problems

* Use the Plucker coordinates as a distinguisher?

* A more suitable parametrization of X and G for the Linear Equivalence
Problem.
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New Directions and Open Problems

* Use the Plucker coordinates as a distinguisher?

* A more suitable parametrization of X and G for the Linear Equivalence
Problem.

* What if we drop the ‘group’ from ‘group action’? In [CPS25] the LCE
problem is modelled using a small subset of §,,.
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New Directions and Open Problems

* Use the Plucker coordinates as a distinguisher?

* A more suitable parametrization of X and G for the Linear Equivalence
Problem.

* What if we drop the ‘group’ from ‘group action’? In [CPS25] the LCE
problem is modelled using a small subset of §,,.

* Explore other algebraic group actions and the application to
MPC/TC/Vole in the Head.

35



Thank You
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  X


  ⋆     : G × X → X


  g ⋆ x   ≔   ⋆  ( g , x )


   ( G , X , ⋆ )


  h ⋆  ( g ⋆ x ) =  ( h g ) ⋆ x ,         ∀ h , g ∈ G ,   x ∈ X  


  e ⋆ x = x ,     ∀ x ∈ X .


  G


  X


  ⋆     : G × X → X


  g ⋆ x   ≔   ⋆  ( g , x )


   ( G , X , ⋆ )


  h ⋆  ( g ⋆ x ) =  ( h g ) ⋆ x ,         ∀ h , g ∈ G ,   x ∈ X  


  e ⋆ x = x ,     ∀ x ∈ X .
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  ⋆     : G × X → X


  g ⋆ x   ≔   ⋆  ( g , x )


   ( G , X , ⋆ )


  h ⋆  ( g ⋆ x ) =  ( h g ) ⋆ x ,         ∀ h , g ∈ G ,   x ∈ X  


  e ⋆ x = x ,     ∀ x ∈ X .
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  X
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  g ⋆ x


  g ∈ G


  x ∈ X


  A


   Pr ⁡   [ A  ( x , g ⋆ x ) ⋆ x = g ⋆ x ] .
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  G


  G


  X


  x


  g ⋆ x


  g ∈ G


  x ∈ X


  A


   Pr ⁡   [ A  ( x , g ⋆ x ) ⋆ x = g ⋆ x ] .
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  G


  G


  X


  x


  g ⋆ x


  g ∈ G


  x ∈ X


  A


   Pr ⁡   [ A  ( x , g ⋆ x ) ⋆ x = g ⋆ x ] .
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   ( G , X , ⋆ )


  ⋆


  G


  G


  X


  x


  g ⋆ x


  g ∈ G


  x ∈ X


  A


   Pr ⁡   [ A  ( x , g ⋆ x ) ⋆ x = g ⋆ x ] .


   ( G , X , ⋆ )


  G = GL  ( n ) × GL ( m )


  X = Mat  ( n × m )


  ⋆     :  ( GL (n) × GL  ( m ) ) × Mat  ( n × m ) → Mat  ( n × m ) ,


                               (  ( A , B ) ,   M )                                         ↦   A M B .


  G =  (  ℤ p ∗ ,   ⋅ )


  X =  {  g 1 ,  g 2 … ,  g  p − 1 }


  ⋆     : G × X → X


             ( a ,    g i )   ↦      (  g i ) a =  g  a i       mod   p .
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   g i
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  X = Mat  ( n × m )


  ⋆     :  ( GL (n) × GL  ( m ) ) × Mat  ( n × m ) → Mat  ( n × m ) ,


                               (  ( A , B ) ,   M )                                         ↦   A M B .


  G =  (  ℤ p ∗ ,   ⋅ )


  X =  {  g 1 ,  g 2 … ,  g  p − 1 }


  ⋆     : G × X → X


             ( a ,    g i )   ↦      (  g i ) a =  g  a i       mod   p .


  a ∈  ℤ p


   g i


   g  a i


   ( G , X , ⋆ )


   ( x , y ) ∈ X × X


  y = g ⋆ x


  𝕂


   ℱ  x , y  ( Z ) =  {     f 1  ( Z ) = 0   ⋮    f m  ( Z ) = 0


   ℱ  x , y  ( Z )


  h ∈ G


  y = h ⋆ x


   ( G , X , ⋆ )


   ( x , y ) ∈ X × X


  y = g ⋆ x


  𝕂


   ℱ  x , y  ( Z ) =  {     f 1  ( Z ) = 0   ⋮    f m  ( Z ) = 0


   ℱ  x , y  ( Z )


  h ∈ G


  y = h ⋆ x


   ( G , X , ⋆ )


   ( x , y ) ∈ X × X


  y = g ⋆ x


  𝕂


   ℱ  x , y  ( Z ) =  {     f 1  ( Z ) = 0   ⋮    f m  ( Z ) = 0


   ℱ  x , y  ( Z )


  h ∈ G


  y = h ⋆ x


   ( G , X , ⋆ )


   ( x , y ) ∈ X × X


  y = g ⋆ x


  𝕂


   ℱ  x , y  ( Z ) =  {     f 1  ( Z ) = 0   ⋮    f m  ( Z ) = 0


   ℱ  x , y  ( Z )


  h ∈ G


  y = h ⋆ x


  g ∈ G


   (  x  ( 1 ) , … ,  x  ( t ) ) ,  (  y  ( 1 ) , … ,  y  ( t )   )


   y  ( i ) = g ⋆  x  ( i )


  i


   ℱ   x  ( i ) ,  y  ( i )  ( X ) = (    f 1   ( i )  ( X ) , … , f m   ( i )  ( X ) )


  g :


  ℱ  ( X ) =  {     ℱ   x  ( 1 ) ,  y  ( 1 )  ( X ) = 0   ⋮    ℱ   x  ( t ) ,  y  ( t )  ( X ) = 0 .


  t


  g ∈ G


   (  x  ( 1 ) , … ,  x  ( t ) ) ,  (  y  ( 1 ) , … ,  y  ( t )   )


   y  ( i ) = g ⋆  x  ( i )


  i


   ℱ   x  ( i ) ,  y  ( i )  ( X ) = (    f 1   ( i )  ( X ) , … , f m   ( i )  ( X ) )


  g :


  ℱ  ( X ) =  {     ℱ   x  ( 1 ) ,  y  ( 1 )  ( X ) = 0   ⋮    ℱ   x  ( t ) ,  y  ( t )  ( X ) = 0 .


  t


  G


  𝕂


  𝕂


   f 1 , … ,  f s ∈ 𝕂  [  X 1 , … ,    X n ]


         p 1 , … ,    p n ∈ 𝕂  [  X 1 , … ,    X  2 n ]


   i 1 , … ,    i n ∈ 𝕂  [  X 1 , … ,    X n ]


  G =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f s  (  a 1 , … ,    a n ) = 0 }


  g h =  (  p 1  ( g , h ) , … ,  p n  ( g , h ) ) ∈ G


  g , h ∈ G


   g  − 1 =  (  i 1  ( g ) , … ,  i n  ( g ) ) ∈ G


  g ∈ G


  G


  𝕂


  𝕂


   f 1 , … ,  f s ∈ 𝕂  [  X 1 , … ,    X n ]


         p 1 , … ,    p n ∈ 𝕂  [  X 1 , … ,    X  2 n ]


   i 1 , … ,    i n ∈ 𝕂  [  X 1 , … ,    X n ]


  G =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f s  (  a 1 , … ,    a n ) = 0 }


  g h =  (  p 1  ( g , h ) , … ,  p n  ( g , h ) ) ∈ G


  g , h ∈ G


   g  − 1 =  (  i 1  ( g ) , … ,  i n  ( g ) ) ∈ G


  g ∈ G


  G


  𝕂


  𝕂


   f 1 , … ,  f s ∈ 𝕂  [  X 1 , … ,    X n ]


         p 1 , … ,    p n ∈ 𝕂  [  X 1 , … ,    X  2 n ]


   i 1 , … ,    i n ∈ 𝕂  [  X 1 , … ,    X n ]


  G =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f s  (  a 1 , … ,    a n ) = 0 }


  g h =  (  p 1  ( g , h ) , … ,  p n  ( g , h ) ) ∈ G


  g , h ∈ G


   g  − 1 =  (  i 1  ( g ) , … ,  i n  ( g ) ) ∈ G


  g ∈ G


  G = GL  ( n )  


   𝔽 q


  G =  {   (  a 11 , … ,    a  n n , d ) ∈  𝔽 q   n 2 + 1 ∣  d ⋅ d e t  (  a  i j ) = 1 } .


  A = (  a 11 , … ,    a  n n ,  d A )


  B = (  b 11 , … ,    b  n n ,  d B )


  A B =  ( ∑      k a  1 k  b  k 1 , … , ∑      k a  n k  b  k n ,  d A  d B )


   A  − 1 =  1  d e t  ( A ) ⋅ a d j ( A )


   A  − 1 =  (  d A ⋅   a d j  ( A ) 11 , … ,  d A ⋅   a d j  ( A )  n n , d e t  ( A ) ) .
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  A = (  a 11 , … ,    a  n n ,  d A )


  B = (  b 11 , … ,    b  n n ,  d B )


  A B =  ( ∑      k a  1 k  b  k 1 , … , ∑      k a  n k  b  k n ,  d A  d B )
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   s 1 , … ,    s ℓ ∈ 𝕂  [  Y 1 , … ,    Y n ,  Z 1 , … ,    Z ℓ ]


  g =  (  a 1 , … ,    a n )


  x =  (  x 1 , … ,  x ℓ )


  g ⋆ x =  (  s 1  (  a 1 , … ,  a n ,  x 1 , … ,  x ℓ ) ,   … ,    s ℓ  (  a 1 , … ,  a n ,  x 1 , … ,  x ℓ ) ) ∈ X .


  𝕂


  ( G , X , ⋆ )
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   ( G , X , ⋆ )


  G = GL  ( n )


  X = Mat  ( n × m )


   𝔽 q


  ⋆     : GL  ( n ) × Mat  ( n × m ) → Mat  ( n × m ) ,


                               ( B ,   A )                                         ↦ B A .


  X =  {  (  a 11 , … ,    a  n m ) ∈  𝔽 q   n 2 } .


  G =  {   (  b 11 , … ,    b  n n , d ) ∈  𝔽 q   n 2 + 1 ∣  d ⋅ d e t  (  b  i j ) = 1 } .


  A = (  a 11 , … ,    a  n m )


  B = (  b 11 , … ,    b  n n ,  d B )


  B ⋆ A = B A =  ( ∑      i   b  i k  a  i 1 , … , ∑      i b  n i  a  i m   ) .
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  X =  {  (  a 11 , … ,    a  n m ) ∈  𝔽 q   n 2 } .


  G =  {   (  b 11 , … ,    b  n n , d ) ∈  𝔽 q   n 2 + 1 ∣  d ⋅ d e t  (  b  i j ) = 1 } .


  A = (  a 11 , … ,    a  n m )


  B = (  b 11 , … ,    b  n n ,  d B )


  B ⋆ A = B A =  ( ∑      i   b  i k  a  i 1 , … , ∑      i b  n i  a  i m   ) .


  ⋆
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   | G | ⋅  | X | = Ω  (  2 𝜆 ) .


   ( G , X , ⋆ )


  G


  X


  𝕂


  X = Mat  ( n × m ) =  {  (  a 11 , … ,    a  n m ) ∈  𝔽 q   n 2 } .


  G = GL  ( n ) =  {   (  b 11 , … ,    b  n n ,  d B ) ∈  𝔽 q   n 2 + 1 ∣   d B ⋅ det  (   ( b  i j ) ) = 1 } .


  B ⋆ A =  (  b 11 , … ,    b  n n ,  d B ) ⋆ (  a 11 , … ,    a  n m ) =  ( ∑      i   b  1 i  a  i 1 , … , ∑      i   b  n i  a  i m   ) .


   A 1 ,  A 2 ∈ X


  B ∈ G


   A 2 = B  A 1


   A 1 =  (  a 11  ( 1 ) , … ,    a  n m  ( 1 ) ) ,  A 2 =  (  a 11  ( 2 ) , … ,    a  n m  ( 2 ) )


   ℱ   A 1 ,  A 2  (  z 11 , … ,  z  n n , z ) =  {    ∑      i   z  1 i  a  i 1   ( 1 ) =  a 11  ( 2 )   ⋮      ∑      i   z  n i  a  i m   ( 1 ) =  a  n m  ( 2 )   z ⋅ det  (  z  i j ) = 1 .


  B = (  z  i j ) ∈ GL  ( n )


  B ⋆  A 1 =  A 2


  X = Mat  ( n × m ) =  {  (  a 11 , … ,    a  n m ) ∈  𝔽 q   n 2 } .


  G = GL  ( n ) =  {   (  b 11 , … ,    b  n n ,  d B ) ∈  𝔽 q   n 2 + 1 ∣   d B ⋅ det  (   ( b  i j ) ) = 1 } .


  B ⋆ A =  (  b 11 , … ,    b  n n ,  d B ) ⋆ (  a 11 , … ,    a  n m ) =  ( ∑      i   b  1 i  a  i 1 , … , ∑      i   b  n i  a  i m   ) .


   A 1 ,  A 2 ∈ X


  B ∈ G


   A 2 = B  A 1


   A 1 =  (  a 11  ( 1 ) , … ,    a  n m  ( 1 ) ) ,  A 2 =  (  a 11  ( 2 ) , … ,    a  n m  ( 2 ) )


   ℱ   A 1 ,  A 2  (  z 11 , … ,  z  n n , z ) =  {    ∑      i   z  1 i  a  i 1   ( 1 ) =  a 11  ( 2 )   ⋮      ∑      i   z  n i  a  i m   ( 1 ) =  a  n m  ( 2 )   z ⋅ det  (  z  i j ) = 1 .


  B = (  z  i j ) ∈ GL  ( n )


  B ⋆  A 1 =  A 2


  ( G , X , ⋆ )


  𝕂


  G =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f t  (  a 1 , … ,    a n ) = 0 }


  X =  {   (  x 1 , … ,  x ℓ ) ∈  𝕂 ℓ ∣   h 1  (  x 1 , … ,    x ℓ ) = … =  h l  (  x 1 , … ,    x ℓ ) = 0 }


  g ⋆ x =  (  s 1  (  a 1 , … ,  a n ,  x 1 , … ,  x ℓ ) ,   … ,    s ℓ  (  a 1 , … ,  a n ,  x 1 , … ,  x ℓ ) ) ∈ X .


  x , y ∈ X


  x =  (  x 1 , … ,  x ℓ ) , y =  (  y 1 , … ,  y ℓ )


  g ∈ G


  y = g ⋆ x


   ℱ  x , y  (  z 1 , … ,  z n ) =  {     s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) =  y 1   ⋮       s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) =  y ℓ       f 1  (  z 1 , … ,  z n ) = 0   ⋮    f t  (  z 1 , … ,  z n ) = 0 .


  ( G , X , ⋆ )


  𝕂


  G =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f t  (  a 1 , … ,    a n ) = 0 }


  X =  {   (  x 1 , … ,  x ℓ ) ∈  𝕂 ℓ ∣   h 1  (  x 1 , … ,    x ℓ ) = … =  h l  (  x 1 , … ,    x ℓ ) = 0 }


  g ⋆ x =  (  s 1  (  a 1 , … ,  a n ,  x 1 , … ,  x ℓ ) ,   … ,    s ℓ  (  a 1 , … ,  a n ,  x 1 , … ,  x ℓ ) ) ∈ X .


  x , y ∈ X


  x =  (  x 1 , … ,  x ℓ ) , y =  (  y 1 , … ,  y ℓ )


  g ∈ G


  y = g ⋆ x


   ℱ  x , y  (  z 1 , … ,  z n ) =  {     s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) =  y 1   ⋮       s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) =  y ℓ       f 1  (  z 1 , … ,  z n ) = 0   ⋮    f t  (  z 1 , … ,  z n ) = 0 .


   ℱ  x , y  (  z 1 , … ,  z n ) =  {     s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) =  y 1   ⋮       s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) =  y ℓ       f 1  (  z 1 , … ,  z n ) = 0   ⋮    f t  (  z 1 , … ,  z n ) = 0 .


  ℓ + t


  G


  ⋆


  n


  G


  max {  deg   (  z 1 , … ,  z n )  (  s 1 ) ,   … ,  deg   (  z 1 , … ,  z n )  (  s ℓ ) ,                                 deg    (  f 1 ) , … ,  deg   (  f t ) }


  x , y ∈ X


  x =  (  x 1 , … ,  x ℓ ) , y =  (  y 1 , … ,  y ℓ )


  g =  (  g 1 , … ,  g n ) ∈ G


  y = g ⋆ x ,


   g  − 1 ⋆ y = x .


  G


   g  − 1 =  (  i 1  (  g 1 , … ,  g n ) , … ,  i n  (  g 1 , … ,  g n ) )


   ℱ  x , y  ( inv )  (  z 1 , … ,  z n ) =  {     s 1  (  i 1  (  z 1 , … ,  z n ) , … ,  i n  (  z 1 , … ,  z n ) ,  y 1 , … ,  y ℓ ) =  x 1   ⋮    s ℓ  (  i 1  (  z 1 , … ,  z n ) , … ,  i n  (  z 1 , … ,  z n ) ,  y 1 , … ,  y ℓ ) =  x ℓ


  x , y ∈ X


  x =  (  x 1 , … ,  x ℓ ) , y =  (  y 1 , … ,  y ℓ )


  g =  (  g 1 , … ,  g n ) ∈ G


  y = g ⋆ x ,


   g  − 1 ⋆ y = x .


  G


   g  − 1 =  (  i 1  (  g 1 , … ,  g n ) , … ,  i n  (  g 1 , … ,  g n ) )


   ℱ  x , y  ( inv )  (  z 1 , … ,  z n ) =  {     s 1  (  i 1  (  z 1 , … ,  z n ) , … ,  i n  (  z 1 , … ,  z n ) ,  y 1 , … ,  y ℓ ) =  x 1   ⋮    s ℓ  (  i 1  (  z 1 , … ,  z n ) , … ,  i n  (  z 1 , … ,  z n ) ,  y 1 , … ,  y ℓ ) =  x ℓ


   M 1 ,  M 2 ∈  Mat k ( k × n )


   ( S , Q ) ∈ GL  ( k ) × Mon  ( n )


   M 2 = S  M 1 Q


  G = GL  ( k ) × Mon  ( n ) ,  


  X =  Mat k  ( k × n ) =  {  M ∈ Mat  ( k × n ) ∣  rk  ( M ) = k }


   ⋆ LCE : G × X → X ,      (  ( S , Q ) , M ) ↦ S M Q .


   M 1 ,  M 2 ∈  Mat k ( k × n )


   ( S , Q ) ∈ GL  ( k ) × Mon  ( n )


   M 2 = S  M 1 Q


   𝔽 q = { 0 ,  a 1 , … ,  a  q − 1 }


  GL ( k ) =  {   (  S 11 , … ,    S  k k ,  d S ) ∈  𝔽 q   k 2 + 1 ∣   d S ⋅ det  (  s  i j ) = 1   }


  Mon  ( n ) =  {   (  Q 11 , … ,    Q  n n   ) ∈  𝔽 q   n 2 ∣      Q   i ′ j    Q  i j = 0     ∀   1 ≤  i ′ < i ≤ n ,   1 ≤ j ≤ n    Π l (    Σ j   ( Q  i j −  a l ) ) = 0       ∀   1 ≤ i ≤ n }


   


  X =  {   (  M 11 , … ,  M  k n ) ∈  𝔽 q  k n ∣  not   all   minors   vanish }


   ⋆ LCE


     (  ( S , Q )  ⋆ LCE M )  i j =    ( S M Q )  i j = ∑       u , v   S  i u    M  u v    Q  v j .


  M , N ∈  Mat k ( k × n )


  N = S M Q


   ℱ  M , N  (    Y 11 , … ,  Y  n n ,  d Y , Z 11 , … ,  Z  n n ) =  {    ∑       u , v   Y  1 u    M  u v    Z  v 1 =  N 11   ⋮      ∑       u , v   Y  k u    M  u v    Z  v n =  N  k n       Z   i ′ j    Z  i j = 0     ∀ 1 ≤  i ′ < i ≤ n ,   1 ≤ j ≤ n       Π l (    Σ j   ( Z  i j −  a l ) ) = 0       ∀ 1 ≤ i ≤ n    d Y ⋅ det  ( Y ) = 1 .


   k 2 +  n 2 + 1


  Y


  Z


  max  { n + 1 ,   q − 1 ,   2 } .


   ( G , X , ⋆ )


  G =  G 1 ⋊  G 2


  X


  x ∼ y   ⇔ ∃  g 1 ∈  G 1   : y =  g 1 ⋆ x .


   X 2 =  {     [ x ]   G 1 ∣  x ∈ X } .


     [ x ] ∼


   (  G 2 ,  X 2 ,  ⋆ 2 )


   ⋆ 2   :  G 2 ×  X 2 →  X 2 ,    ( g ,    [ x ]   G 1 ) ↦    [ g ⋆ x ]   G 1 .


   ( G , X , ⋆ )


  G =  G 1 ⋊  G 2


  X


  x ∼ y   ⇔ ∃  g 1 ∈  G 1   : y =  g 1 ⋆ x .


   X 2 =  {     [ x ]   G 1 ∣  x ∈ X } .


     [ x ] ∼


   (  G 2 ,  X 2 ,  ⋆ 2 )


   ⋆ 2   :  G 2 ×  X 2 →  X 2 ,    ( g ,    [ x ]   G 1 ) ↦    [ g ⋆ x ]   G 1 .


   ( G , X , ⋆ )


  G =  G 1 ⋊  G 2


  X


  x ∼ y   ⇔ ∃  g 1 ∈  G 1   : y =  g 1 ⋆ x .


   X 2 =  {     [ x ]   G 1 ∣  x ∈ X } .


     [ x ] ∼


   (  G 2 ,  X 2 ,  ⋆ 2 )


   ⋆ 2   :  G 2 ×  X 2 →  X 2 ,    ( g ,    [ x ]   G 1 ) ↦    [ g ⋆ x ]   G 1 .


   G 2


  G


   G 2


   X 2


   G 2


  G


   G 2


   X 2


   (  G 1 , X , ⋆ )


  X


  𝕂


   X 2 =  {     [ x ]   G 1 ∣  x ∈ X ,     y ∈    [ x ]   G 1 ⇔ ∃  g 1 ∈  G 1   : y =  g 1 ⋆ x }


  𝕂


   X 2


   X 2


   (  G 1 , X , ⋆ )


  X


  𝕂


  𝑿


   𝑮 𝟏


  𝕂    [ X ]     G 1 =  {  f ∈ 𝕂  [ X ] ∣  f  ( x ) = f  (  g 1 ⋆ x )     ∀ x ∈ X ,      g 1 ∈  G 1 } .


   X 2


   X 2


   (  G 1 , X , ⋆ )


  X


  𝕂


  𝑿


   𝑮 𝟏


  𝕂    [ X ]     G 1 =  {  f ∈ 𝕂  [ X ] ∣  f  ( x ) = f  (  g 1 ⋆ x )     ∀ x ∈ X ,      g 1 ∈  G 1 } .


   G 1


  𝕂    [ X ]     G 1


  𝕂


  𝕂    [ X ]     G 1 = 𝕂  [  b 1 , … ,  b m ] ,


   b 1 , … ,  b m ∈ 𝕂  [ X ]


   X 2


  𝜙   : X →  𝕂 m ,    (  x 1 , … ,    x ℓ ) ↦  (  b 1  (  x 1 , … ,    x ℓ ) ,   … ,    b m  (  x 1 , … ,    x ℓ ) ) .


  X


  𝜙


  y ∈    [ x ]   G 1 ⇔ 𝜙  ( y ) = 𝜙  ( x ) .


   X 2


  𝕂    [ X ]     G 1 = 𝕂  [  b 1 , … ,  b m ] ,


   b 1 , … ,  b m ∈ 𝕂  [ X ]


   X 2


  𝜙   : X →  𝕂 m ,    (  x 1 , … ,    x ℓ ) ↦  (  b 1  (  x 1 , … ,    x ℓ ) ,   … ,    b m  (  x 1 , … ,    x ℓ ) ) .


  X


  𝜙


  y ∈    [ x ]   G 1 ⇔ 𝜙  ( y ) = 𝜙  ( x ) .


   X 2


   b 1 , … ,  b m ∈ 𝕂 [ X ]


  𝕂    [ X ]   G 1 = 𝕂  [  b 1 , … ,  b m ]


   (  G 2 ,  X 2 ,  ⋆ 2 )


   G 2 =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f t  (  a 1 , … ,    a n ) = 0 }


  x , y ∈ X


   g 2 ∈  G 2


     [ y ]   G 1 =    [  g 2 ⋆ x ]   G 1 =  g 2  ⋆ 2    [ x ]   G 1 .


  x =  (  x 1 , … ,    x ℓ )


  y =  (  y 1 , … ,    y ℓ )


   ℱ  x , y  (  z 1 , … ,  z n ) =  {     b 1  (  s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) , … ,  s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) ) =  b 1  (  y 1 , … ,  y ℓ )   ⋮       b t  (  s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) , … ,  s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) ) =  b t  (  y 1 , … ,    y ℓ )       f 1  (  z 1 , … ,  z n ) = 0   ⋮    f t  (  z 1 , … ,  z n ) = 0 .


   b 1 , … ,  b m ∈ 𝕂 [ X ]


  𝕂    [ X ]   G 1 = 𝕂  [  b 1 , … ,  b m ]


   (  G 2 ,  X 2 ,  ⋆ 2 )


   G 2 =  {   (  a 1 , … ,  a n ) ∈  𝕂 n ∣   f 1  (  a 1 , … ,    a n ) = … =  f t  (  a 1 , … ,    a n ) = 0 }


  x , y ∈ X


   g 2 ∈  G 2


     [ y ]   G 1 =    [  g 2 ⋆ x ]   G 1 =  g 2  ⋆ 2    [ x ]   G 1 .


  x =  (  x 1 , … ,    x ℓ )


  y =  (  y 1 , … ,    y ℓ )


   ℱ  x , y  (  z 1 , … ,  z n ) =  {     b 1  (  s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) , … ,  s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) ) =  b 1  (  y 1 , … ,  y ℓ )   ⋮       b t  (  s 1  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) , … ,  s ℓ  (  z 1 , … ,  z n ,  x 1 , … ,  x ℓ ) ) =  b t  (  y 1 , … ,    y ℓ )       f 1  (  z 1 , … ,  z n ) = 0   ⋮    f t  (  z 1 , … ,  z n ) = 0 .


  G = GL  ( k ) × Mon  ( n ) ,   X =  Mat k  ( k × n )


   ⋆ LCE : G × X → X ,      (  ( S , Q ) , M ) ↦ S M Q .


  G = GL  ( k ) × Mon  ( n )


   Mat k  ( k × n )


   M 1 ∼  M 2   ⇔ ∃ S ∈ GL  ( k )   :  M 2 = S  M 1


   G 2 = Mon  ( n ) ,   X = Gr  ( k , n ) ≅  {  RREF  ( M ) ∈  Mat k  ( k × n ) ∣  M ∈  Mat k  ( k × n ) }


   ⋆ Mon : Mon ( n ) × Gr  ( k , n ) → Gr  ( k , n ) ,    ( Q , M ) ↦ RREF ( Q  ⋆ LCE M ) .


  G = GL  ( k ) × Mon  ( n ) ,   X =  Mat k  ( k × n )


   ⋆ LCE : G × X → X ,      (  ( S , Q ) , M ) ↦ S M Q .


  G = GL  ( k ) × Mon  ( n )


   Mat k  ( k × n )


   M 1 ∼  M 2   ⇔ ∃ S ∈ GL  ( k )   :  M 2 = S  M 1


   G 2 = Mon  ( n ) ,   X = Gr  ( k , n ) ≅  {  RREF  ( M ) ∈  Mat k  ( k × n ) ∣  M ∈  Mat k  ( k × n ) }


   ⋆ Mon : Mon ( n ) × Gr  ( k , n ) → Gr  ( k , n ) ,    ( Q , M ) ↦ RREF ( Q  ⋆ LCE M ) .


  Gr  ( k , n )


  V ∈ Gr ( k , n )


  M


  J


  k


   { 1 , … , n }


   p J   : Gr  ( k , n ) → 𝕂 ,   V ↦ det  (  M J ) .


  𝜄   : Gr  ( k , n ) → ℙ    ( 𝕂 )   (    n   k ) − 1 ,   V ↦  (  p   J 1  ( V ) : … :  p   J   (    n   k )  ( V ) ) .


  Gr  ( k , n )


  V ∈ Gr ( k , n )


  M


  J


  k


   { 1 , … , n }


   p J   : Gr  ( k , n ) → 𝕂 ,   V ↦ det  (  M J ) .


  𝜄   : Gr  ( k , n ) → ℙ    ( 𝕂 )   (    n   k ) − 1 ,   V ↦  (  p   J 1  ( V ) : … :  p   J   (    n   k )  ( V ) ) .


  Gr  ( k , n )


  V ∈ Gr ( k , n )


  M


  J


  k


   { 1 , … , n }


   p J   : Gr  ( k , n ) → 𝕂 ,   V ↦ det  (  M J ) .


  𝜄   : Gr  ( k , n ) → ℙ    ( 𝕂 )   (    n   k ) − 1 ,   V ↦  (  p   J 1  ( V ) : … :  p   J   (    n   k )  ( V ) ) .


  Mon ( n )


  Q  ⋆ Mon V


  M Q


  M


  V


  Q =  P 𝜎 D


  D = diag  (  d 1 , … ,  d n )


  Q   :    p J  ( M ) ↦  p J  ( M Q ) =   det  (    ( M Q ) J ) =    ( − 1 )  𝜎    ​ | J ⋅  (  Π  i ∈ J    d i )  p  𝜎  ( J ) ( V ) .


   s J ∈ 𝕂  [  Q 11 , … ,  Q  n n ,  p   J 1 , … ,  p   J   (    n   k ) ]


   s J  (  Q 11 , … ,  Q  n n ,  p   J 1 , … ,  p   J   (    n   k ) ) =  Σ  I ⊂ { 1 , … , n } ,    | I | = k    Q  I , J  p I


  J ⊂  { 1 , … ,   n } ,    | J | = k


  Mon ( n )


  Q  ⋆ Mon V


  M Q


  M


  V


  Q =  P 𝜎 D


  D = diag  (  d 1 , … ,  d n )


  Q   :    p J  ( M ) ↦  p J  ( M Q ) =   det  (    ( M Q ) J ) =    ( − 1 )  𝜎    ​ | J ⋅  (  Π  i ∈ J    d i )  p  𝜎  ( J ) ( V ) .


   s J ∈ 𝕂  [  Q 11 , … ,  Q  n n ,  p   J 1 , … ,  p   J   (    n   k ) ]


   s J  (  Q 11 , … ,  Q  n n ,  p   J 1 , … ,  p   J   (    n   k ) ) =  Σ  I ⊂ { 1 , … , n } ,    | I | = k    Q  I , J  p I


  J ⊂  { 1 , … ,   n } ,    | J | = k


   𝔽 q = { 0 ,  a 1 , … ,  a  q − 1 }


  Mon  ( n ) =  {   (  Q 11 , … ,  Q  n n ) ∈  𝕂   n 2 ∣      Q   i ′ j    Q  i j = 0     ∀   1 ≤  i ′ < i ≤ n ,   1 ≤ j ≤ n    Π l (    Σ j   ( Q  i j −  a l ) ) = 0       ∀   1 ≤ i ≤ n   } ,


   V 1 ,  V 2 ∈ Gr ( k , n )


   V 2 = Q  ⋆ Mon    V 1


  Q ∈ Mon ( n )


   ℱ   V 1 ,  V 2  (  Z 11 , … ,  Z  n n ) =  {     p   J 1 ( Z  ⋆ LCE  V 1 ) =  p   J 1  (  V 2 )   ⋮       p   J   (    n   k ) ( Z  ⋆ LCE  V 1 ) =  p   J   (    n   k )  (  V 2 )       Z   i ′ j    Z  i j = 0     ∀ 1 ≤  i ′ < i ≤ n ,   1 ≤ j ≤ n    Π l (    Σ j   ( Z  i j −  a l ) ) = 0       ∀ 1 ≤ i ≤ n


  max  { k , q − 1 ,   2 } .


   𝔽 q = { 0 ,  a 1 , … ,  a  q − 1 }


  Mon  ( n ) =  {   (  Q 11 , … ,  Q  n n ) ∈  𝕂   n 2 ∣      Q   i ′ j    Q  i j = 0     ∀   1 ≤  i ′ < i ≤ n ,   1 ≤ j ≤ n    Π l (    Σ j   ( Q  i j −  a l ) ) = 0       ∀   1 ≤ i ≤ n   } ,


   V 1 ,  V 2 ∈ Gr ( k , n )


   V 2 = Q  ⋆ Mon    V 1


  Q ∈ Mon ( n )


   ℱ   V 1 ,  V 2  (  Z 11 , … ,  Z  n n ) =  {     p   J 1 ( Z  ⋆ LCE  V 1 ) =  p   J 1  (  V 2 )   ⋮       p   J   (    n   k ) ( Z  ⋆ LCE  V 1 ) =  p   J   (    n   k )  (  V 2 )       Z   i ′ j    Z  i j = 0     ∀ 1 ≤  i ′ < i ≤ n ,   1 ≤ j ≤ n    Π l (    Σ j   ( Z  i j −  a l ) ) = 0       ∀ 1 ≤ i ≤ n


  max  { k , q − 1 ,   2 } .


   ⋆ LCE


   n 2 +  k 2 + 1


  k n +  (    n   2 ) n + 1


  max  { n + 1 ,   q − 1 ,   2 }


   ⋆ Mon


   n 2


  k n +  (    n   2 ) n


  max  { k , q − 1 ,   2 }


  G = Mon  ( n ) ,     X = Gr  ( k , n )


   ⋆ Mon     : Mon ( n ) × Gr  ( k , n ) → Gr  ( k , n ) ,    ( Q , M ) ↦ RREF ( M Q ) .


  Mon  ( n ) = Diag  ( n ) ⋊  𝒮 n


  Gr  ( k , n )


   V 1 ∼  V 2   ⇔ ∃ D ∈ Diag  ( n )   :  V 2 = D  ⋆ Mon  V 1 ,


   G 2 =  𝒮 n ,      X 2 = Gr ( k , n ) / Diag ( n )


   ⋆ 𝒮     :  𝒮 n ×  X 2 →  X 2      ( P ,    [ V ] Diag ) ↦    [ P  ⋆ Mon V ] Diag .


  G = Mon  ( n ) ,     X = Gr  ( k , n )


   ⋆ Mon     : Mon ( n ) × Gr  ( k , n ) → Gr  ( k , n ) ,    ( Q , M ) ↦ RREF ( M Q ) .


  Mon  ( n ) = Diag  ( n ) ⋊  𝒮 n


  Gr  ( k , n )


   V 1 ∼  V 2   ⇔ ∃ D ∈ Diag  ( n )   :  V 2 = D  ⋆ Mon  V 1 ,


   G 2 =  𝒮 n ,      X 2 = Gr ( k , n ) / Diag ( n )


   ⋆ 𝒮     :  𝒮 n ×  X 2 →  X 2      ( P ,    [ V ] Diag ) ↦    [ P  ⋆ Mon V ] Diag .


  Gr  ( k , n )


  𝕂    [ Gr  ( k , n ) ]  Diag ( n ) = 𝕂


  Gr  ( k , n )


  Diag  ( n )


  𝕂   ( Gr  ( k , n ) )    Diag ( n ) .


  𝕂   ( Gr  ( k , n ) )    Diag ( n )


  𝕂


   b 1 , … ,  b t ∈ 𝕂  ( Gr  ( k , n ) )
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